This is a write-up of the lectures on dispersionless equations in 1+1, 2+1 and 3+1 dimensions presented by one of us (RM) at "Eurasian International Center for Theoretical Physics" (EICTP). We provide pedagogical introduction to the subject and summarize well-known results and some recent developments in theory of integrable dispersionless equations. Almost all results presented are available in the literatures. We just add some new results related to dispersionless limits of integrable magnetic equations. On the contrary, some of the basic tools of the integrable dispersionless systems and related theoretical techniques are not available in a pedagogical format. For this reason we think that it seems worthwhile to present basics of theory of dispersionless equations here for the benefit of beginner students. We begin with a detailed exposition of the well-known dispersionless systems like dKdVE, dNLSE, dKPE, dDSE and other classical soliton equations. We present in detail some new dispersionless systems. Next we develop the dispersionless limits of known magnetic equations. Lastly, we discuss in full detail the Lax representation formulation of some presented dispersionless equations. On the basis of the material presented here one can proceed smoothly to read the recent developments in this field of integrable dispersionless equations and related topics. *
Introduction
Integrable nonlinear differential equations play an important role in both modern physics and mathematics (see, e.g. [1] - [57] and references therein). One of important subclass of integrable equations is the so-called dispersionless equations. Dispersionless equations in 1+1, 2+1 and 3+1 dimensions are quasilinear systems of the following forms
u t + A(u)u x + B(u)u y + C(u)u z = f 3 ,
respectively. Here t, x, y, z are independent variables, u = (u 1 , u 2 , ..., u m ) is an m-component vector and A(u), B(u), C(u) are m × m matrices, f j (x, y, z, t, u k ) are some real functions. This paper is a notes of the lectures on integrable dispersionless equations presented by one of us (RM) at "Eurasian International Center for Theoretical Physics" (EICTP). We provide pedagogical introduction to the subject and summarizes some known important results and many recent developments in theory of integrable dispersionless equations. Almost all results presented are available in the literatures. We just add some new results related to dispersionless limits of known fundamental integrable magnetic equations. On the contrary, some of the basic tools of the integrable dispersionless systems and related theoretical techniques are not available in a pedagogical format, and it seems worthwhile to present them here for the benefit of students. We begin with a detailed exposition of the well-known dispersionless systems like dKdVE, dNLSE, dKPE, dDSE and other classical integrable equations. We present in detail some new dispersionless systems. Next we develop the dispersionless limits of known integrable magnetic equations. Lastly, we discuss in full detail the Lax representation formulation of the dispersionless equations. On the basis of the material presented here one can proceed smoothly to read the recent developments in this field of integrable dispersionless equations and related topics.
The structure of the paper is as follows. In Section 2 we present the dispersionless limits of some integrable equations in 1+1 dimensions. Then, in Section 3, we give basic informations on the Benney equation. Integrable dispersionless systems in 2+1 dimensions are considered in Section 4. We discuss briefly (3+1)-dimensional integrable systems in Section 5. Finally, in Section 6, we construct the dispersionless limits of some integrable magnetic equations. Section 7 is devoted to the conclusion remarks and comments.
Dispersionless equations in 1+1 dimensions

Dispersionless KdV equation
Consider the KdV equation (KdVE)
Its dispersionless limit is
The dKdV equation is also called the Riemann equation. The Lax representation of the dKdV equation looks like
where
In (6), the Poisson bracket has the form
Dispersionless NLSE
Consider the ǫ -dependent NLSE
where δ = ±1. We can rewrite this equation using the Madelung transformation
where u(x, t) is the density and v(x, t) is the flow velocity. Then in the limit ǫ → 0, the NLSE can be cast into a hydrodynamiclike form [1] :
It is the dNLSE or the Benney equation. Its Lax representation has the form
The related Lax pair is given by (E = const):
Note that the dNLSE can be written in a more symmetric form. To do that we introduce the Riemann invariants [57] :
The Riemann invariants obey the following equations
We can linearize this equations by means of the hodograph transform (see, e.g., Ref. [55] ).
We have
where ∂ ± ≡ ∂/∂λ ± . These equations can be rewritten as
It is the Tsarev equations [56] . From Tsarev equations (24)- (24) follows that
which gives
Here χ(λ − , λ + ) is some function (potential). In terms of χ, the Tsarev equation takes the form
It is nothing but the Euler-Poisson equation [57] .
Dispersionless Kaup-Newell equation
The Kaup-Newell equation reads as
Its dispersionless limit is given by
Dispersionless Chen-Lee-Liu equation
The Chen-Lee-Liu equation is given by
Its dispersionless limit reads as
Dispersionless Yajima-Oikawa-Ma equation
The Yajima-Oikawa-Ma equation looks like:
where σ = 0/1, δ = ±1. Its dispersionless limit is given by
Benney equations
The Benney equation (BE) has the following form
The Benney equation is integrable by the Lax representation
The BE admits some important reductions. For example, if we take
then the BE reduces to the dNLSE
The BE arises as the consistency condition of the following equations
Hence, for example, if we take u = A 0 and y = t 2 , t = t 3 , then we get the dKPE. Note that the above presented reductions are described by the Gibbons-Tsarev equation.
Dispersionless equations in 2+1 dimensions
Dispersionless Kadomtsev-Petviashvili equation
Consider the Kadomtsev-Petviashvili equation (KPE) which reads as
It is well-known that the dispersionless Kadomtsev-Petviashvili equation (dKPE) looks like
Consider the following set of equations
where L j are the one-parameter families of vector fields of the forms
Here the Hamiltonians are given by
Then the compatibility condition of the system (9)- (9) [
gives the dKPE (9). Finally we note that the dKPE can be also presented as the compatibility condition for the following quasilinear system [53] 
In fact, the compatibility condition of these equations ϕ xt = ϕ tx gives
that coinside with the dKPE (9) with some scale transformations.
Dispersionless Davey-Stewartson equation
Our next example is the Davey-Stewartson equation (DSE) with the following form
where q(x, y, t) is a complex (wave-amplitude) field, φ(x, y, t) is a real (mean-flow) field and
Consider the following transformation
Then the dispersionless Davey-Stewartson equation (dDSE) reads as [6] - [7] :
Consider the following one-parameter Hamiltonian vector fields Lax pair
The commutation condition
gives the dDSE (71)-(72).
Dispersionless NLSE in 2+1 dimensions
Now we consider the following (2+1)-dimensional NLSE iq t + q xy − wq = 0, (79) w x + 2δ |q| 
Returning to the Madelung transformation (11), we obtain the following dispersionless limit of the (2+1)-dimensional NLSE (79)-(80):
In terms of v = S x → S = ∂ −1
x v, these equations take the form
where ∂ −1
x v y = z, z x = v y . If y = x, then z = v, ω = −2δu, and we obtain the (1+1)-dimensional dNLSE u t + 2(uv)
Dispersionless equations in 3+1 dimensions
Integrable nonlinear partial differential equations in 3+1 dimensions play very important role in modern physics and mathematics. There are many examples of such integrable systems in literature (see, e.g. [8] - [10] and references therein). The particular but important interest are integrable dispersionless equations. In spite of this, and avoiding technical difficulties, we decided to limit ourselves here only to bring the in literatures on this subject.
Dispersionless magnetic equations
In this section, we find the dispersionless limits of some integrable magnetic equations [15] - [52] . We consider two examples of such magnetic equations: the Heisenberg ferromagnet equation (HFE) and the Landau-Lifshitz equation (LLE). The HFE has the form
where A = (A 1 , A 2 , A 3 ) is a spin (magnetic) vector and A 2 = 1. The LLE reads as
where J = diag(j 1 , j 2 , j 3 ) is an arbitrary constant diagonal matrix.
To best of our knowledge, the dispersionless limits of integrable magnetic equations (including HFE and LLE) were unknown in literatures (see, e.g. Refs. [15] - [16] ).
M-XII equation
The M-XII equation has the form
where v = S x . Let us derive this equation. Consider the HFE
where A = (A 1 , A 2 , A 3 ) is a spin (magnetic) vector and A 2 = 1. The stereographic projection of the magnetic vector A is given by
or
Then the HFE (11) takes the form
Let us rewrite this equation as
Consider the transformation
Then the functions u and v obey the M-XII equation (88)- (89). We can rewrite the M-XII equation (88)- (89) as
where w = 1+u. Thus we have proved that M-XII equation (88)-(89) is the dispersionless limit of the HFE (92). It is the two-component dispersionless equation [3] .
M-LXXIV equation
Let us now we consider the following M-LXXIV equation
To derive this equation, we consider again the HFE (92). For the magnetic vector A, we now consider the following parametrization
where φ is a complex function. Then the HFE (92) takes the form
Next we consider the transformation
Then the dispersionless limit of the HFE has the form
It is the M-LXXIV equation written in terms of variables u and S. In terms of variables u, v = S x , this equation turns to the form (102)- (103). Note that the M-LXXIV equation can be rewritten as
M-LXXI equation
In this section we consider the M-LXXI equation. This equation reads as
Let us derive this equation. To do that consider the LLE
where J = diag(j 1 , j 2 , j 3 ) is an arbitrary constant diagonal matrix. Consider the transformation [4] :
Then the LLE takes the form [4] :
Here P is a fourth degree polynomial of the form
where j ik = j i − j k . Note that the transformation (117) coincides with the usual stereographic projection of the spin vector A, if we set v = −ū −1 [4] . For the variable ω = u, the LLE takes the form
To find the dispersionless limit of this equation, we consider the transformation (97). We also assume that j 12 = 0. It is not difficult to verify that in this case the functions u and v obey the M-LXXI equation (112) 
M-LXX equation
In this section, our aim is to derive the M-LXX equation, which has the following form
To do that, again we return to the LLE (116). For the magnetic vector A, we now consider the parametrization (104). Then the LLE (116) takes the form
For simplicity, let us consider the case when j 1 = j 2 . Then the equation (44) 
Next we consider the transformation (106). Then the dispersionless limit of the equation (126) has the form
It is the M-LXX equation. In terms of u, v = S x , the M-LXX equation (127) 
Conclusions
In this paper, we have presented the pedagogical introduction to the theory of dispersionless equations. As examples of such equations, we consider well-known integrable dispersionless equations like dKdV, dNLS, dKP, dDS and so on. In some cases, as examples we give Lax representations of some considered dispersionless equations. In particular, we give the generalized Benney equation which describes some generalization of Chaplygin gas equation. We have considered the Lax representation for this Benney equation. All these equations are likely to be integrable since they follow from a Lax description. However, we have not studied these systems in more detail.
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